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Abstract-we consider positive solutions of the following difference equation: 
x,+1 =max{$,&}; A, B > 0. 
We prove that every positive solution is eventually periodic. @ 2002 Elsevier Science Ltd. All rights 
reserved. 
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1. INTRODUCTION 
In this paper, we investigate the periodic character of the positive solutions of the difference 
equation 
x,+1 =m-{$,-$--}, (1.1) 
where A, B are any positive coefficients and the initial values xc, x-1, x-2 are any positive 
numbers. 
The max operator arises naturally in certain models in automatic control theory (see [1,2]). 
In the last decade, the discrete case involving difference equations with maximum has been 
receiving increased attention. For difference equations with maximum which are related to the 
Lyness equation, see [3-81. The equation studied in this paper falls into another class of difference 
equations which have the following form: 
Ao AI Ak 
x,+1 = max - , -, . . . , - 
xn k-1 &z-k > 
) 71=&l,..., (1.2) 
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where at least one of the coefficients Ak, as well as all initial values 20, z-r,. . . ,x-k, are positive 
real numbers. We call equation (1.2) a reciprocal difference equation with maximum, since it is 
a natural generalization of the simple reciprocal equation 
A 
&+1 = -7 
G-p 
(1.3) 
which we obtain from equation (1.2) when A, is the only nonzero coefficient. Observe that each 
term of the sequence x, defined by equation (1.2) satisfies equation (1.3) for some p. However, 
p depends on the previous terms ~~-1,. . . , x+k-1. So equation (1.2) works as a switch, similar 
to the famous Collatz (3~ + 1) problem 191. 
Based on computer simulations, the positive solutions of equation (1.2) seem to be eventually 
periodic of period T. That is, X,+T = zn for every n > no, where no may depend on the 
coefficients Ao, . . . , Ak and the initial values 50, x-1 , . . . , z-k. The case k = 1 was completely in- 
vestigated in [lo]. Various properties of equation (1.2) for other cases were listed and conjectured 
by Ladas in [ll, p. 3391. In particular, for the case when all the coefficients in equation (1.2) are 
nonnegative and the initial values 20, x-i, . . . , x-k are positive real numbers, it was conjectured 
in [ll, Conjecture 2.3.11 that every positive solution of equation (1.2) is eventually periodic. 
Moreover, if the coefficient A, is dominating, that is, if A, > max{Aj : j # p, j E {1,2,. . . , k}}, 
then every positive solution of equation (1.2) eventually becomes a solution of equation (1.3). 
Recently, the results from [lo] concerning the case k = 1 were generalized for the case of 
neriodic coefficients. 
(1.4) 
where the sequences {P,}, {Qn} are periodic with the same period T. Equation (1.4) in the case 
T = 2 was studied in [12], while the case T = 3 was investigated in [13,14]. To the best of our 
knowledge, no progress has been made for equation (1.2) in the case k > 1. 
Since solving equation (1.2) in the general case seems to be a challenging problem, Ladas [15, 
Problem 4.3.21 suggested the following equation as a more tractable alternative. Its solution 
might yield insights into the study of equation (1.2): 
AB C 
x,+1 = max -1-,- , 
&I GL-2 G-4 > 
(1.5) 
where the coefficients A, B, C are nonnegative. If C = 0, then equation (1.5) reduces to equa- 
tion (1.1). 
In this paper, we study the long-term behavior of solutions of equation (1.1) and show that 
Ladas’ conjecture holds for equation (1 .l). More precisely, we prove that every positive solution of 
equation (1.1) is eventually periodic with period 2, provided A 2 B, and with period 6 provided 
A < B. This is the first nontrivial result obtained for equation (1.2) in the case k > 1. We believe 
that this is a step towards the proof of Lsdas’ conjecture in the general case, which remains open. 
2. PRELIMINARIES 
Let A, B, x0, x1, 22 be positive numbers. The equation 
xn+l=max{-$,--$-}, nk2, (2.1) 
defines a sequence of positive numbers xnr n = 0, 1,2, . . . . It is convenient to define a se- 
quence {yn} as follows: 
&x+1 GL 
Yn=B’ n = 0, 1,2, . . . . (2.2) 
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LEMMA 2.1. The sequence { yn} defined by (2.2) with positive initial conditions y. and yl satisfies 
the equation 
(2.3) 
where D -_= AB-l > 0. 
PROOF. It is sufficient to notice that equation (2.1) is equivalent to 
%+1 Gl 
- = max 
A GA,-1 
B B’&&,_l > ’ 
since B and x, are positive. I 
We will now study the positive solutions of equation (2.3). 
LEMMA 2.2. The sequence {yn} generated by equation (2.3), yo > 0, y1 > 0, satisfies the 
inequalities 
for n 2 5. (2.4) 
PROOF. Equation (2.3) immediately implies 
D I in, for n > 2. (2.5) 
Assume that for some k 1 5, we have 
yk >max D,; . 
{ > 
Then it follows from (2.3) that 
Yk=Yk-l. 
Yk-2 
By using (2.3) again, we obtain 
. 
Dividing the first and last expressions by y&2 yields 
In view of (2.5), we have 
D 
-51 
1 
and - <I 
Yk-2 Yk-3 D’ 
where k - 3 > 2. Hence, 
(2.6) 
(2.7) 
From (2.7), we conclude that yk 5 max{D, l/D}, which contradicts (2.6). This completes the 
proof. I 
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LEMMA 2.3. IfD < 1, then 
Yn Yn+2 = Yn+lr for n > 6. 
PROOF. Since y,+l > 0, equation (2.3) implies that 
$=--{--&,i}. 
From Lemma 2.2, since D < 1, it follows that 
120, for n 1 5. 
Yn 
Hence, in view of (2.9), we have 
Yn+z>D. 
Yn+l 
Then equation (2.3) implies 
yn+3 = ma D, %If! = H, 
{ > Yn+l Yn+l 
which completes the proof. 
LEMMA 2.4. If D 2 1, then 
in = D, for n 2 5. 
The proof follows immediately from Lemma 2.2. 
EXAMPLE 2.1. For yo = y1 = 3-l, D = 2, we get 
YZ=~, y3=6, ~4=3, ~n==2, for n 2 5. 
3. MAIN RESULTS 
(2.8) 
(2.9) 
We assume first that A 1 B and later that A < B. It turns out the case A 2 B is simpler and 
is handled by the following theorem. 
THEOREM 3.1. Let A 2 B > 0 and 20, ~1, 22 > 0. Then the solutions of equation (2.1) are 
either eventually period two solutions or eventually constant (for n 2 5). 
PROOF. Note that D 2 1 since A 1 B. In view of the change of variables (2.2) and Lemma 2.4, 
we have 
x,x,+~=~,,B=BD=A, for n 1 5. 
A simple induction argument yields that 
A 
x2k+l = 25 and 
x2k+2 = G’ 
for k > 2. If x5 = a, then x,, = a for n 1 5. If x5 # a, then X~ is a period two solution. 
EXAMPLE 3.1. Let A = 4, B = 2. 
If x0 = 1, x1 = 2, 22 = 3, then the solution of equation (2.1) is eventually constant (x, = 2 
for n 2 3). 
If x0 = 2, x1 = 2, 52 = 3, then the solution of equation (2.1) is a period two solution since 
x2k = 3 and x2&1 = 413 for k > 2. 
REMARK 3.1. In view of the fact that the sequence yn becomes constant after less than four 
iterations, it does not seem very difficult to describe the initial sets (x0, x1, x2) for which equa- 
tion (2.1) generates eventually constant sequences. However, we leave this problem open because 
some readers may find it appropriate for a student research project. 
In order to investigate the more interesting case A < B, we need the following Theorem 3.2. 
This result gives a complete description of the behavior of the solutions to equation (2.3) when 
D < 1. I 
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THEOREM 3.2. Let D < 1. Then every solution yn of equation (2.3) is either a period six solution 
ory,=lforallnLO. 
PROOF. We first observe from Lemma 2.3 that 
YnYn+3 = YnYn+z 
Yn+3 1 
- = Yn+l .-=I, for n 2 6. 
Yn+2 Yn+l 
(3.1) 
Then (3.1) implies that 
Yn = Yn . ; 
= Yn ’ 
Yn+3 Yn+6 
(3.2) 
Yn Yn+3 
= Yn+Gr for n 2 6. 
Therefore, yn is an eventually periodic sequence. Let m be its period, i.e., the smallest positive 
integer m for which 
Yn+m = Yn, for all n 2 6. (3.3) 
It is clear that m 5 6 and m is a divisor of 6, in view of (3.2). Thus, m E {1,2,3,6}. Next we 
prove that m is neither 2 nor 3. 
If m = 3, then (3.3), (3.1), and the positivity of yn imply yn = 1 for all m 2 6. This contradicts 
the definition of m. 
If m = 2, equations (3.3) and (3.1) yield 
YnYn+1 = 1, for n 2 6. (3.4) 
Then (3.4), Lemma 2.3, and the fact that m = 2 imply that 
Yn = Yn . YnYn+l = YnYnYnYn+2 = Yn . yn . yn . yn or yn = 1, for n > 6. 
This again contradicts the definition of m. Thus, m is either 1 or 6. 
Let us first consider the case m = 1. Equation (3.3) implies that yn = y6 for n 2 6, which 
together with Lemma 2.3 yields 
Yn = 1, for n >_ 6. 
Now, by substituting n = 6 in (2.3), we have 
and, therefore, y5 = ys because D < 1. Then yn = 1 for n 2 5. Continuing in this fashion, we 
can prove that y,, = 1 for all n 2 0. In fact, m = 1 is equivalent to yo = y1 = 1. Therefore, 
m = 6, provided that yo and y1 are not both equal to 1. 
The proof is completed. I 
THEOREM 3.3. Let 0 < A < B and let x, be the solution of equation (2.1) generated by a given 
set of positive numbers (x0, x1,x2}. 
(i) Then x, is a period six sequence iff 20x1 and 21x2 are not both equal to B. 
(ii) Ifxoxl = 21x2 = B, then x, is either a period two sequence provided x0 # x1 or x, = fi 
provided x0 = x1. 
PROOF. It is sufficient to consider the case when 20x1 and 51x2 are not both equal to B. Notice 
that the sequence y,, defined by (2.2) satisfies equation (2.3) with D < 1 and either yo # 1 or 
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y1 # 1. From Lemma 2.3 and equation (2.2), it follows that x,2,+3 = B for n 2 6. Then we 
have 
xn = x, 
%%+3 %+3 ’ &+6 .p. 
B B 
xn . x,+3 % . x,+3 = 
B ’ B ’ %+6 
(3.5) 
= &+6r for n 2 6. 
Hence, x, is a periodic sequence for n 2 6. Let m be its period. Equation (3.5) shows that 
m 5 6. 
On the other hand, equation (2.2) implies that yn is also a period m sequence for n = 6. 
Taking into account that at least one of the numbers yo and y1 does not equal 1, it follows from 
Theorem 3.2 that m = 6. This completes the proof. I 
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